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Abstract: We complete the Hamiltonian analysis of specific model of non-linear massive
gravity that was started in arXiv:1112.5267. We identify the primary constraint and cor-
responding secondary constraint. We show that they are the second class constraints and
hence they lead to the elimination of the additional scalar mode. We also find that the
remaining constraints are the first class constraints with the structure that corresponds
to the manifestly diffeomorphism invariant theory. Finally we determine the number of
physical degrees of freedom and we show that it corresponds to the number of physical
modes of massive gravity.
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1. Introduction and Summary
Recently de Rham and Gobadadze proposed in [1] an interesting formulation of the massive
gravity which is ghost free in the decoupling limit. Then it was shown in [2] that this action
that was written in the perturbative form can be resumed into fully non-linear action 1.
The general analysis of the constraints of given theory has been performed in [3]. It was
argued there that it is possible to perform such a redefinition of the shift function so that
the resulting theory still contains the Hamiltonian constraint. Then it was argued that
the presence of this constraint allows to eliminate the scalar mode and hence the resulting
theory is the ghost free massive gravity. However this analysis was questioned in [31] where
it was argued that it is possible that this constraint is the second class constraint so that the
phase space of given theory would be odd dimensional. On the other hand in the paper [32]
very nice analysis of the Hamiltonian formulation of the most general gauge fixed non-linear
massive gravity actions was performed with an important conclusion that the Hamiltonian
constraints has zero Poisson brackets. Then the requirement of the preservation of this
constraint during the time evolution of the system implies an additional constraint. As a
result given theory has the right number of constraints for the construction of non-linear
massive gravity without additional scalar mode 2.
The Hamiltonian analysis of the manifestly diffeomorphism invariant non-linear mas-
sive gravity with Stu¨ckelberg fields was performed in [29] where corresponding Hamiltonian
was found. Then using the observation firstly published in [40] it was shown that this the-
ory possesses one primary constraint. Unfortunately the presence of this constraint makes
the calculation of the Poisson brackets between constraints very difficult due to the ab-
sence of the inverse of the matrix V AB = gij∂iφ
A∂jφ
B and we were not able to perform
this analysis for the case of four dimensional non-linear massive gravity. On the other hand
such an analysis was performed for the case of two dimensional non-linear massive gravity
1For related works, see [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28].
2Alternative arguments for the existence of an additional constraints were given in [33] even if the
Hamiltonian analysis was not complete and the minimal non-linear massive gravity action was considered
only.
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with conclusions that there are no physical degrees of freedom left with agreement with
[30, 14].
In [41] we analyzed the model of the non-linear massive gravity action introduced in
[33] written in the Stu¨ckelberg formalism. This analysis was then reconsidered in [40] with
conclusion that this theory is free from the ghosts.
The goal of this paper is to complete the analysis of the non-linear massive gravity
action presented in [29]. We find the Hamiltonian for given theory and identify primary
constraints. Then we rewrite the Hamiltonian to such a form where the scalar part of the
Hamiltonian constraint will be proportional to the trace of the square root of the regular
matrix. Then it would be possible to use the standard formula for the variation of the
trace of the square root of the regular matrix and calculate corresponding Poisson brack-
ets. Then we can analyze the requirement of the preservation of the primary constraints
during the time evolution of the system and hence identify corresponding secondary con-
straints. Finally we will check the stability of all constraints during the time evolution
of the system. We find that the Hamiltonian and diffeomorphism constraints are still the
first class constraints and obey the basic principles of geometrodynamics [36, 37, 38, 39].
On the other hand we show that the additional primary constraint together with corre-
sponding secondary constraint are the second class constraints and that these constrains
could eliminate one additional degree of freedom so that the number of physical degrees of
freedom correspond to the case of the massive gravity. In other words our results are in full
agreement with the conclusion presented in [40]. However we mean that result derived in
this paper is non-trivial and should be considered as an independent check of the absence
of the ghosts in given theory due to the fact that we analyze theory without additional
auxiliary fields so that the Hamiltonian analysis presented her is different from the analysis
presented in [40].
We should also stress that our treatment has its own limitation due to the fact that
we restrict to the case of one specific model of non-linear massive gravity action. It turns
out that the extension of given analysis to the more general form of the non-linear massive
gravity actions is very difficult due to the complicated relation between canonical momenta
and time derivatives of the scalar fields. Unfortunately we were not able to find an inverse
mapping that would allow us to write the Hamiltonian as a function canonical variables
in these cases. It would be very interesting to find such Hamiltonian formulation and
corresponding primary constraints between Stu¨ckelberg fields even for the most general
form of the non-linear massive gravity action. We hope to return to this problem in future.
The structure of given note is as follows. In the next section (2) we review some basic
facts about the non-linear massive gravity action in the formulation presented in [29]. Then
in section (3) which is the main body of this paper we perform corresponding Hamiltonian
analysis. We also identify primary and the secondary constraints and determine the number
of the physical degrees of freedom.
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2. Non-Linear Massive Gravity
Our goal is to study non-linear massive gravity action in the following form 3
S =M2p
∫
d3xdtN
√
g
[
KijGijklKkl + (3)R−m2TrA
√
A
]
, (2.1)
where we used 3 + 1 notation [34] 4 and write the four dimensional metric components as
gˆ00 = −N2 +NigijNj , gˆ0i = Ni , gˆij = gij ,
gˆ00 = − 1
N2
, gˆ0i =
N i
N2
, gˆij = gij − N
iN j
N2
.
(2.2)
Note that (3)R is three-dimensional spatial curvature, Kij is extrinsic curvature defined as
Kij =
1
2N
(∂tgij −∇iNj −∇jNi) , (2.3)
where ∇i is covariant derivative built from the metric components gij and Gijkl is de Witt
metric defined as
Gijkl = 1
2
(gikgjl + gilgjk)− gijgkl (2.4)
with inverse
Gijkl = 1
2
(gikgjl + gilgjk)− 1
2
gijgkl , GijklGklmn = 1
2
(δmi δ
n
j + δ
n
i δ
m
j ) . (2.5)
Finally note that the matrix AAB is defined as
AAB = −∇nφA∇nφB + gij∂iφA∂jφB , ∇nφA =
1
N
(∂tφ
A −N i∂iφA) (2.6)
and the trace defined in (2.1) is the trace over Lorentz indices A,B,C, . . . = 0, 1, 2, 3.
We see that the action contains the potential term which is the square root of the
matrix which can be defined as
(
√
A)AB(
√
A)BC = A
A
C . (2.7)
For further purposes it is crucial to presume that A is regular matrix. Then when we
perform the variation of this expression and multiply by (
√
A)−1 from the right we obtain
δ(
√
A)AB + (
√
A)ACδ(
√
A)CD((
√
A)−1)DB = δ(A)
A
C((
√
A)−1)CB . (2.8)
Taking the trace the equation (2.8) we immediately obtain 5
δTrL
√
A =
1
2
δAAB
(
(
√
A)−1
)B
A
. (2.12)
This is the key formula that is used in the calculation of the Poisson brackets as we will
see in the next section.
3We use notations introduced in the paper [29]
4For review, see [35].
5Note also that due to the matrix nature of objects A and B the following relation is not valid
√
AB =
√
A
√
B (2.9)
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3. Hamiltonian Analysis
In this section we perform the Hamiltonian analysis of the action (2.1). For the General
Relativity part of the action the procedure is standard. Explicitly, the momenta conjugate
to N,N i are the primary constraints of the theory
piN (x) ≈ 0 , pii(x) ≈ 0 (3.1)
while the Hamiltonian takes the form
HGR =
∫
d3x(NHGRT +N iHGRi ) ,
HGRT =
1√
gM2p
piijGijklpikl −M2p
√
g(3)R ,
HGRi = −2gik∇lpikl ,
(3.2)
where piij are momenta conjugate to gij with following non-zero Poisson brackets{
gij(x), pi
kl(y)
}
=
1
2
(
δki δ
l
j + δ
l
iδ
k
j
)
δ(x − y) . (3.3)
Note also that piN , pii have following Poisson brackets with N,N
i
{N(x), piN (y)} = δ(x − y) ,
{
N i(x), pij(y)
}
= δijδ(x− y) . (3.4)
Now we proceed to the Hamiltonian analysis of the scalar field part of the action. Note
that in 3 + 1 formalism the matrix AAB takes the form
AAB = −∇nφA∇nφB + gij∂iφA∂jφB ≡ KAB + V AB , (3.5)
where
KAB = −∇nφA∇nφB , KAB = ηACKCB = KBA ,
V AB = g
ij∂iφ
A∂jφB , V
AB = V ACη
CB = V BA .
(3.6)
Then the conjugate momenta pA are equal to
pA = −
M2pm
2
2
√
g
δACD
δ∂tφA
(A−1/2)DC =
=
M2pm
2
2
√
g(∇nφC(A−1/2)CA + ηAC(A−1/2)CB∇nφB) , A−1/2 = (
√
A)−1 .
(3.7)
unless A and B commute. On the other hand since obviously A and A−1 commute the equation (2.9) gives
√
A
√
A−1 = I (2.10)
which implies following important relation
(√
A
)
−1
=
√
A−1 . (2.11)
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Note that using the symmetry of AAB = ABA we can write (3.7) in simpler form
pA =M
2
pm
2√g(A−1/2)AB∇nφB . (3.8)
Using this expression we derive following relation
1
gM4pm
4
pApB = (A
−1/2)AC(∇nφC∇nφD)(A−1/2)DB =
= (A−1/2)AC(V
CD −ACD)(A−1/2)DB
(3.9)
which implies
ΠAB = (A
−1/2)ACV
CD(A−1/2)DB , (3.10)
where we introduced the matrix ΠAB defined as
ΠAB =
1
gm4M4p
pApB + ηAB . (3.11)
Note that when we multiply (3.10) by V from the right we obtain (we use matrix notation)
ΠV = (A−1/2V )(A−1/2V ) (3.12)
which implies
A−1/2V =
√
ΠV . (3.13)
This relation will be important below. The crucial point for the Hamiltonian analysis of
the non-linear massive gravity is the fact that V AB has the rank 3 as was firstly explicitly
stressed in [40]. In fact, if we introduce the 4 × 3 matrix WAi = ∂iφA and its transpose
matrix (W T )iA = ∂iφ
A which is 3× 4 matrix we can write
V AB =WAi g
ij(W T ) Bj . (3.14)
Then since WAi , g
ij have the rank 3 we obtain that V AB has the rank 3 as well. As a result
detV = 0. In other words V is not invertible matrix.
With the help of these results it is easy to determine corresponding Hamiltonian
Hsc = ∂tφApA − Lsc =M2pm2
√
gNV AB(A−1/2)BA +N
ipA∂iφ
A =
= NM2pm
2√gTrL
√
ΠV +N ipA∂iφ
A ≡ NHscT +N iHsci
(3.15)
using (3.13) and using an obvious relation TrL
√
V Π = TrL
√
ΠV . With the help of these
results we find the Hamiltonian for the action (2.1) in the form
H =
∫
d3x(NHT +N iHi + vipii + vNpiN + vcC) , (3.16)
where
HT = HGRT +HscT , Hi = HGRi +Hsci , (3.17)
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and where pii ≈ 0 , piN ≈ 0 are the primary constraints of the theory. Note also that the
Hamiltonian (3.16) contains primary constraint C whose explicit form follows from (3.10)
when we calculate the determinant of the matrix ΠAB. Using
detΠAB = −
(
1 +
1
gM4pm
4
pAp
A
)
(3.18)
and using (3.10) together with the fact that detV = 0 we derive primary constraint C in
the form
C : 1 + 1
gM4pm
4
pAp
A ≈ 0 .
(3.19)
It is also important to stress that using the definition of ΠAB and the existence of the
constraint C we obtain an important relation
pAΠAB =
(
1
gM4pm
4
pApA + 1
)
pB = CpB ≈ 0 . (3.20)
Now we analyze the requirement of the preservation of the primary constraints. As usual
the requirement of the preservation of the primary constraints piN ≈ 0 , pii ≈ 0 implies an
existence of the secondary constraints
HT (x) ≈ 0 , Hi(x) ≈ 0 . (3.21)
For further purposes we introduce the smeared form of these constraints (3.21)
TT (N) =
∫
d3xNHT , TS(N i) =
∫
d3xN iHi . (3.22)
It is not easy to determine the time evolution of the constraint C due to the fact that ΠV
is singular matrix. To proceed let us express the trace of the square root of the matrix as
power series in the form
TrL
√
ΠV =
∑
n
cnTrL(ΠV )
n . (3.23)
Now we can write
TrLΠV = Π
AB∂iφ
Bgij∂jφA = ∂jφAΠ
AB∂iφBg
ij ≡ Π˜ jj ≡ TrsΠ˜ ,
TrLΠV ΠV = (∂iφAΠ
AB∂jφBg
jk)(∂kφCΠ
CD∂lφDg
li) = Π˜ ki Π˜
i
k ≡ TrsΠ˜2 ,
...
(3.24)
where the trace Trs is the trace over spatial indices i, j, k . . . = 1, 2, 3. Then with the help
of (3.24) it is easy to see that
TrL
√
ΠV = Trs
√
Π˜ . (3.25)
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Now Π˜ is 3 × 3 matrix with the rank equal to 3 which implies an existence of the inverse
matrix Π˜−1. As a result we can easily determine the variation of the trace of the square
root of given matrix
δTrs
√
Π˜ =
1
2
TrsδΠ˜
√
Π˜−1 . (3.26)
Then we can determine following Poisson brackets
{
pA(x),Tr
√
Π˜(y)
}
= −δTr
√
Π˜(y)
δφA(x)
= −1
2
δΠ˜ ji (y)
δφA(x)
√
Π˜−1(y)
i
j
=
= −1
2
(∂yiδ(x− y)ηACΠCD∂ykφDgkj + ∂yiφCΠCDηDA∂ykδ(x − y)gkj)(y)
√
Π˜−1(y)
i
j
{
φA(x),Tr
√
Π˜(y)
}
=
δ
√
Π˜(y)
δpA(x)
=
1
2
δΠ˜ ji (y)
δpA(x)
(
√
Π˜−1(y)) ij =
=
1
2gm4M4p
(∂iφ
ApK∂kφ
K + ∂iφ
KpK∂kφ
A)gkj(
√
Π˜−1(y)) ij δ(x− y) .
(3.27)
Using these results we find
{
TS(N
i), C(x)} = −N i∂iC(x)
(3.28)
and also
{TT (N), C(x)} = − 1
gM2pm
2
pA
(
∂i[N
√
gηACΠ
CD∂kφDg
kj
√
Π˜−1
i
j ] −
+ ∂k[N∂iφCΠ
CDηDAg
kj
√
Π˜−1
i
j ]
)
− 2N
M6pm
4g3/2
pAp
AgijGijklpikl = 2N
gM2pm
2
CII
(3.29)
where we used (3.20) and where we defined CII as
CII = pA∂iΠAB√g∂jφB
(√
Π˜−1
)ji
− 2
M4pm
2√g pAp
Agijpi
ji ,
(3.30)
where we defined
(√
Π˜−1
)ij
=
(√
Π˜−1
)ji
=
√
Π˜−1
i
kg
kj . Now it is easy to see that the
requirement of the preservation of the constraint C during the time evolution of the system
implies following secondary constraint
∂tC = {H, C} ≈ {TT (N), C} = N
M2pm
2g
CII ≈ 0 . (3.31)
In summary, the theory possesses following collection of the primary constraints piN ≈
0 , pii ≈ 0 , C ≈ 0 and secondary constraints HT ≈ 0 ,Hi ≈ 0 , CII ≈ 0. As a result the
total Hamiltonian has the form
HT =
∫
d3x(NHT +N iHi + vNpiN + vipii + vCC + ΓiHi + ΓCCII) , (3.32)
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where vN , v
i, vC ,Γ
i,ΓC are corresponding Lagrange multipliers.
As the final step we have to analyze the preservation of all constraints. Note that in
case of the General Relativity part of the constraints we have following Poisson brackets
{HGRT (x),HGRT (y)} = −
[
HiGR(x)
∂
∂xi
δ(x − y) −HiGR(y)
∂
∂yi
δ(x− y)
]
,
{HGRT (x),HGRi (y)} = HGRT (y) ∂∂xi δ(x − y) ,{HGRi (x),HGRj (y)} =
[
HGRj (x)
∂
∂xi
δ(x − y) −Hi(y) ∂
∂yj
δ(x − y)
]
.
(3.33)
The calculation of the Poisson brackets that contains scalar phase space degrees of freedom
is more involved. However it is easy to find the Poisson bracket between generators of
spatial diffeomorphisms
{Hsci (x),Hscj (y)} =
[
Hscj (x)
∂
∂xi
δ(x− y)−Hsci (y)
∂
∂yj
δ(x − y)
]
(3.34)
that together with the Poisson bracket on the third line in (3.33) implies following form of
Poisson bracket between smeared form of the diffeomorphism constraints
{
TS(N
i),TS(M
j)
}
= TS(N
j∂jM
i −M j∂jN i) . (3.35)
It is also easy to see that
{
TS(N
i),TT (N)
}
= TT (∂kNN
k) . (3.36)
Now we proceed to the calculation of the Poisson bracket {TT (N),TT (M)}. By definition
we have
{TscT (N),TscT (M)} =
∫
d3xd3yN(x) {HscT (x),HscT (y)}M(y) =
= −M4pm4
∫
d3xd3yd3zN(x)M(y)

√g(x)δ(
√
Π˜) ii (x)
δpX(z)
δ(
√
Π˜) jj (y)
δφX(z)
√
g(x)−
−√g(y)δ(
√
Π˜) jj (y)
δpX(z)
δ(
√
Π˜) ii (x)
δφX(z)
√
g(x)

 =
= TscS ((N∂jM −M∂j)gji) ,
(3.37)
where we used (3.27). This result together with (3.33) implies 6
{TT (N),TT (M)} = TS((N∂jM −M∂j)gji) . (3.38)
6It is important to stress that
{
T
GR
T (N),T
sc
T (M)
}
+
{
T
sc
T (M),T
GR
T (N)
}
= 0 due to the fact that TscT
does not depend on the spatial derivatives of gij .
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Now we have to determine whether all constraints are preserved during the time evolution
of the system. Let us now start with the primary constraints piN , pii, C ≈ 0. The case of
the constraints piN ≈ 0 , pii ≈ 0 is trivial. Further, the requirement of the preservation of
the constraint C gives
∂tC(x) = {HT , C(x)} ≈
∫
d3y
({N(y)HT (y), C(x)} + ΓC(y){CII(y), C(x)}) =
=
2N
M2pm
2g
CII(x) +
∫
d3yΓC(y)
{CII(y), C(x)} ≈
≈
∫
d3yΓC(y)
{CII(y), C(x)} = 0
(3.39)
that has the solution ΓC = 0 using the fact that
{CII(x), C(y)} = 2pA(x)∂iΠAB(x)√g(x)
(√
Π˜−1
)ji
(x)∂jδ(x− y) pB(y)
M4pm
4g(y)
+ . . .
(3.40)
does not vanish on the constraint surface. Note that . . . mean additional terms that arise
from the explicit calculations of given Poisson brackets. In other words C and CII are the
second class constraints.
Now we come to the requirement of the preservation of the secondary constraints. Let
us begin with the diffeomorphism constrains Hi or their smeared forms. Since CII ≈ 0
is manifestly diffeomorphism invariant we have
{
TS(N
i), CII} ≈ 0 and also using (3.28)
together with (3.35) and (3.36) we find that Hi is preserved during the time evolution of
the system. In case of HT we find that its time development is governed by the equation
∂tHT (x) = {HT ,HT (x)} ≈
∫
d3y
({vCC(y),HT (x)}+ ΓC {CII(y),HT (x)}) =
=
∫
d3y {vCC(y),HT (x)} = 2vC(x)
M2pm
2g
CII(x) ≈ 0
(3.41)
using (3.37) and also using the fact that ΓC = 0. In other words HT is also preserved
during the time evolution of the system without any restriction on the lapse function N .
Finally the requirement of the preservation of the constraint CII has the form
∂tCII(x) =
{
HT , CII(x)
}
=
=
∫
d3y
({
NHT (y), CII (x)
}
+ vC(y)
{C(y), CII (x)}) = 0
(3.42)
using the fact that ΓC = 0. Then with the help of the equation (3.40) we can argue that
this solution can be solved for vC at least in principle.
Let us outline our results. We have following first class constraints piN ≈ 0 , pii ≈
0 ,Hi ≈ 0 ,HT ≈ 0 together with the second class constraints C ≈ 0 , CII ≈ 0. Then we
– 9 –
also have 10 metric components gij , N,N
i and corresponding conjugate momenta piij, piN , pii
and 4 scalar fields φA with conjugate momenta pA. In general we have D = 28 phase space
degrees of freedom. On the other hand we have S = 2 second class constraints and F = 8
first class constraints. As a result the number of physical degrees of freedom is equal to
[42]
Np.d = (D − S − 2F ) = 10 (3.43)
which is the correct number of the physical degrees of freedom of the massive gravity. In
other words C and CII eliminate the ghost field and corresponding conjugate momenta at
least in principle.
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